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SEVEN POINTS IN GENERAL LINEAR POSITION
OLOF BERGVALL
Abstract. We determine the cohomology groups of the space of seven points
in general linear position as representations of the symmetric group on seven
elements by making equivariant point counts over finite fields. We also com-
ment on the case of eight points.
1. Introduction
Given a variety X, it is very natural to consider m-tuples (P1, . . . , Pm) of points
onX. If no condition is placed on the tuples, the space of these tuples isXm and the
space of tuples such that the points are distinct is the configuration space Cm(X).
If the order of the points is irrelevant one instead arrives at the symmetric product
Sm(X) and the unordered configuration space Bm(X), respectively. The ordered
and unordered spaces are naturally related through the action of the symmetric
group Sm permuting the points.
It is both possible and interesting to pose more refined requirements on the m-
tuples. For instance, tuples of points in general position, i.e. such that there is
no “unexpected” subvariety containing the points, have been studied extensively
in the classical literature. See the book [9] of Dolgachev and Ortland for modern
account of this topic and for further references. Tuples of points in general position
also have close connections to various moduli spaces of curves, surfaces and abelian
varieties, see e.g. [1], [3] and [17]. We also mention that spaces of m-tuples in
general position in P2 have been studied from a cohomological point of view by
Gounelas and the author when m is at most 7, see [3], [4] and [5]. The techniques
employ both point counts over finite fields and purity arguments, two topics which
will be discussed further in the present paper.
In Pn it is also natural to considerm-tuples of points in general linear position. In
other words, we require that no subset of n+1 points should lie on a hyperplane. We
denote the space of m-tuples of points in Pn which are in general linear position by
Cn,m and its quotient by PGL(n+1) by Cn,m. 1 In fact, Cm,n ∼= PGL(n+1)×Cn,m
so for many purposes it is merely a matter of convenience (or preference) which one
to use. In this work, the spaces Cn,m are more convenient since they (sometimes)
satisfy certain cohomological purity properties which the spaces Cm,n do not satisfy.
Also the spaces Cn,m have received considerable attention classically, see e.g. the
work of Dolgachev and Ortland [9]. From a more modern perspective, the spaces
Cn,m can be viewed as natural generalizations of the moduli spaces M0,n of n-
pointed rational curves. In fact, sending a (n + 3)-tuple of points in Pn to the
isomorphism class of the rational normal curve passing through them gives an
isomorphism Cn,n+3 ∼= M0,n+3. The spaces Cn,m, especially the case n = 2, have
also been studied extensively from the perspective of coding theory starting with
1To avoid technical subtleties we assume m ≥ n+ 2.
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the work of Glynn [11] and continued in the work of Iampolskaia, Skorobogatov and
Sorokin [13] and Kaplan et al [14]. In particular, the number |C2,m(Fq)| of m-tuples
of points in general linear position in the projective plane over the finite field Fq
with q elements is known for all q and m < 10 through these works.
Through Lefschetz trace formula, these point counts determine the Euler char-
acterics of the spaces Cn,m. By also considering the action of the group Sm these
Euler characteristics can be decomposed into virtual representations of Sm. From
an arithmetic point of view, this allows one to obtain more refined enumerative
information about the counted objects. For an example in this direction, see the
recent paper of Das [6]. From a more topological or representation theoretic per-
spective, the Sm-equivariant information encodes cohomological information about
quotients of Cn,m by subgroups of Sm - in particular, one obtains the Euler char-
acteristic of the “unordered space” Cn,m/Sm.
Ifm ≤ 6 it has been shown, through work of Gounelas and the author [5] and Das
and O’Connor [7] that C2,m satisfies a strong condition called minimal purity. This
purity condition implies that the Sm-equivariant point counts of C2,m do not only
determine the Euler characteristic as a virtual representation of Sm but actually
determine each cohomology group Hi(C2,m) as a representation of Sm.
The purpose of the present paper is to extend these results to the case of 7 points.
Our main result is the following.
Theorem 1.1. The cohomology groups Hk(C2,7) of the space C2,7 of seven points in
general linear position are pure of Hodge-Tate type (k, k). The cohomology groups
are described explicitly in Table 2 as representations of the symmetric group S7.
Remark 1.2. In most of the paper, we work over a field of positive (odd) character-
istic and use compactly supported étale cohomology. We have chosen to formulate
the result in characteristic 0 and using ordinary (de Rham) cohomology since it
may be less intimidating to some readers. One reaches the present form of the
result via a standard argument using Artin’s comparison theorem (as well as con-
structibility and base change) and Poincaré duality. The precise formulations in
positive characteristic is given later in the paper.
We prove Theorem 1.1 essentially by first relating the space C2,7 to the com-
plement of a certain toric arrangement (the cohomology of such complements have
been studied extensively) and then counting points of C2,7 over finite fields and
applying Lefschetz trace formula.
We also discuss the case of 8 points. In this case, we are able to prove the
following.
Theorem 1.3. The cohomology groups Hk(C2,8) of the space C2,8 of eight points
in general position are pure of Hodge-Tate type (k, k).
Our method fails to prove the analogous result for the space of 8 points in general
linear position. This suggests that the transition in mixed Hodge structure from
minimal purity to more general behaviour occurs between 7 and 8 points for points
in general linear position while the transition for points in general position seems
to be between 8 and 9. To decide whether this is actually the case would of course
be very interesting. More generally, we have the following question.
Question 1.4. For which integers m and n and for which generality conditions gc
is the space Cgcn,m of m-tuples of points in Pn satisfying gc minimally pure?
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We also remark that Propositions 3.1 and 4.1, especially the proofs, are closely
related to moduli of surfaces with anticanonical cycles. Such moduli spaces have
been studied quite extensively, e.g. in the work [16] and, more recently, by Gross,
Hacking and Keel [12]. The present work sheds new light on the cohomology of
some of these spaces. We also expect the present paper to be of use in the pursuit
of counting pairs of curves with prescribed intersection, see e.g. the recent paper
of Kaplan and Matei, [15].
2. Background
Let p be an odd prime number, let n ≥ 1 be an integer and let q = pn. Let Fq
be a finite field with q elements, let Fqm be a degree m extension of Fq and let Fq
be an algebraic closure of Fq. Let X be a scheme defined over Fq, let X = X ⊗ Fq
and let F denote its geometric Frobenius endomorphism. Finally, let ` be prime
number different from p and let Hkét,c(X,Q`) denote the k-th compactly supported
étale cohomology group of X with coefficients in Q`.
If Γ is a finite group acting on X by Fq-rational automorphisms, then each
cohomology groupHkét,c(X,Q`) is a Γ-representation. Lefschetz trace formula allows
us to obtain information about these representations by counting the number of
fixed points of Fσ for different σ ∈ Γ.
Theorem 2.1 (Lefschetz trace formula). Let X be a separated scheme of finite type
over Fq with Frobenius endomorphism F and let σ be a rational automorphism of
X of finite order. Then
|XFσ| =
∑
k≥0
(−1)k · Tr (Fσ,Hkét,c(X,Q`)) ,
where X
Fσ
denotes the fixed point set of Fσ.
Under the assumptions of the theorem, the number |XFσ| only depends on the
conjugacy class of σ.
Let R(Γ) denote the representation ring of Γ and let the compactly supported
Γ-equivariant Euler characteristic of X be defined as the virtual representation
EulΓ
X,c
=
∑
k≥0
(−1)k ·Hkét,c(X,Q`) ∈ R(Γ).
By evaluating EulΓ
X,c
at an element σ ∈ Γ we mean
EulΓ
X,c
(σ) =
∑
k≥0
(−1)k · Tr (σ,Hkét,c(X,Q`)) ∈ Z
Note in particular that EulΓ
X,c
(id) is the ordinary Euler characteristic of X. By
character theory, EulΓ
X,c
is completely determined by computing EulΓ
X,c
(σ) for a
representative σ of each conjugacy class of Γ.
Thus, phrased in these terms Lefschetz trace formula says that the Γ-equivariant
Euler characteristic of X is determined by counting fixed points of Fσ for a repre-
sentative σ of each conjugacy class of Γ. If we make stronger assumptions on X we
can say more about its cohomology from these equivariant point counts.
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Definition 2.2 (Dimca and Lehrer [8]). Let X be an irreducible and separated
scheme of finite type over Fq. The scheme X is called minimally pure if F acts on
Hkét,c(X,Q`) by multiplication by qk−dim(X).
A pure dimensional and separated scheme X of finite type over Fq is minimally
pure if for any collection {X1, . . . , Xr} of irreducible components of X, the irre-
ducible scheme X1 \ (X2 ∪ · · · ∪Xr) is minimally pure.
We define the compactly supported Γ-equivariant Poincaré polynomial of X as
PΓ
X,c
(t) =
∑
k≥0
Hkét,c(X,Q`) · tk ∈ R(Γ)[t].
and we introduce the notation
PΓ
X,c
(σ)(t) =
∑
k≥0
Tr
(
σ,Hkét,c(X,Q`)
) · tk ∈ Z[t]
Thus, if X is minimally pure then the eigenvalues of Fσ on Hkét,c(X,Q`) are of
the form ζqk−dim(X) for some root of unity ζ. Thus, a term qk−dim(X) in |XF◦σ|
can only come from Hkét,c(X,Q`) and we can determine the Γ-equivariant Poincaré
polynomial of X via the relation
EulΓ
X,c
(σ) = q−2dim(X) · PΓ
X,c
(σ)(−q2).
In particular we see that if X is minimally pure, then we can determine the coho-
mology groups of X by counting points over finite fields.
Since q is an integer we see that the above formula indeed yields an integer. On
the other hand we may also view the above expression as a polynomial in q. We then
see that the point count is polynomial and that the coefficients of this polynomial
is given by the values of the characters of the Γ-representations Hkét,c(X,Q`).
3. The space of seven points
Let T = (P1, . . . , P7) be a septuple of points in P2. We say that T is in general
linear position if no three of the points lie on a line. We denote the space of septuples
in P2 in general linear position, up to projective equivalence, by C2,7.
Proposition 3.1. The space C2,7 of seven points in the plane in general linear
position is minimally pure.
Proof. The idea of the proof is as follows. We shall construct a Fq-rational and
S7-equivariant finite cover ϕ : X → C2,7 such that X is minimally pure. A finite
cover ϕ : X → C2,7 induces an Fq-rational inclusion Hkét,c(C2,7,Q`) ↪→ Hkét,c(X,Q`).
Thus, the image of Hkét,c(C2,7,Q`) is preserved by the Frobenius. Since X is min-
imally pure, F acts on Hkét,c(X,Q`) with all eigenvalues equal to qk−dim(X). We
then see that F also acts with all eigenvalues equal to qk−dim(X) on the subspace
Hkét,c(C2,7,Q`), i.e. that C2,7 is minimally pure.
To construct the space X we observe that if we blow up P2 in seven points
P1, . . . , P7 in general linear position we obtain a weak Del Pezzo surface S of degree
2 marked with seven (−1)-curves E1, . . . , E7. Together with L, the strict transform
of a line, these curves constitute a basis B for Picard group of S. Such a basis
for Pic(S) (i.e. one arising in this way from a blow up) is called a geometric
marking. Let pi : S → P2 denote the blow down morphism. We rigidify the
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situation further by marking S with an anticanonical curve C, i.e. a curve whose
class is 3L−E1−· · ·−E7. The curve A = pi(C) has degree 3. Thus, if A is reducible
it will consist of two components A1 and A2 of degrees 1 and 2, respectively.
Let X be the space of triples (S,B,C) such that S is a weak Del Pezzo surface
of degree 2, B is a geometric marking of S and C is an anticanonical curve on S
such that A = pi(C) is reducible and the degree 1 component A1 of A contains 2 of
the points P1, . . . , P7. The morphism ϕ : X → C2,7 sending a triple (S,B,C) to the
septuple (P1, . . . , P7) defined by the blow down of B is clearly Fq-rational, finite (of
degree 21) and S7-equivariant. It thus remains to show that X is minimally pure.
Note that the curve A1 either will intersect the degree 2 component A2 transver-
sally in two points or A1 will be tangent to A2 at some point. The points of
intersection may or may not coincide with some of the points P1, . . . , P7, see Fig-
ure 1. Let Xgen denote the subspace of X consisting of triples (S,B,C) such that
A1 and A2 intersect transversally and let Xtan be the subspace of X consisting of
triples such that A1 is a tangent to A2. We then have that X is the disjoint union
X = Xgen unionsqXtan.
The next step is to show that Xgen is isomorphic to a disjoint union comple-
ments of toric arrangements in algebraic tori Ti and that Xtan is isomorphic to a
disjoint union of projectivizations of complements of hyperplane arrangements in
vector spaces Vi in such at way that Vi can be naturally be identified with the
tangent space of Ti at the identity. This follows exactly as in Section 1 of [17]
(see in particular Proposition 1.13, Proposition 1.15 and Proposition 1.17) with the
very small modification that we need to take away the conditions corresponding
to disallowing more than 5 of the points P1, . . . , P7 to lie on a conic. See also [5],
Theorem 5.1, for a slightly different account of the same ideas.
It now directly follows from Lemma 3.6 of [17] that there is an inclusion
Hkét,c(X,Q`) ↪→ Hkét,c(Xgen,Q`)
Complements of toric arrangements are well known to be minimally pure (see e.g.
[8]) so it follows that also X is minimally pure. This completes the proof. 
By Proposition 3.1, we can determine the cohomology groups of C2,7 as repre-
sentations of S7 by counting fixed points of Fσ for each σ ∈ S7 and then applying
Lefschetz trace formula. Since the number |CFσ2,7 | only depends on the conjugacy
class of σ we only have to do one computation for each of the 15 conjugacy classes of
S7. We denote the conjugacy class of σ by [σ]. Recall also that the conjugacy class
[σ] is determined by the cycle type of σ. We denote cycle types by 7n76n6 · · · 2n21n1
(with the convention to omit mnm if nm = 0 and to write m instead of mnm if
nm = 1).
The necessary computations can be deduced quite straightforwardly from the
corresponding computations in [4]. We therefore omit the details in most cases
and simply record the results in Table 1. However, to illustrate the nature of the
computations, at least in one of the simpler cases, we include the following lemma.
Lemma 3.2. If [σ] = [7], then |CFσ2,7 | = q6 + q4 + q3 + q2 + 1.
Proof. Since the result is independent of the particular representative of the con-
jugacy class, we pick σ so that σ−1 = (1234567). Let X = (P2)7, let ∆ denote
the subspace of X consisting of septuples (P1, . . . , P7) such that at least 3 of the
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(a) (b) (c)
(d) (e)
Figure 1. The curve A = A1 ∪A2.
points lie on a line and let U = X \ ∆. Then CFσ2,7 = UFσ/PGL(3,Fq). Since
|UFσ| = |XFσ| − |∆Fσ| we can obtain the result by counting XFσ and ∆Fσ.
A septuple (P1, . . . , P7) is fixed by Fσ if and only if F acts as σ−1 = (1234567),
i.e.
FP1 = P2, FP2 = P3, . . . FP6 = P7, FP7 = P1
We may thus obtain such a septuple by choosing a point P1 ∈ P2 which is defined
over Fq7 but not over Fq and then acting by F . Thus to count |XFσ| we need to
count |P2(Fq7)| and |P2(Fq)| and take the difference:
|XFσ| = |P2(Fq7)| − |P2(Fq)| = (q14 + q7 + 1)− (q2 + q + 1) = q14 + q7 − q2 − q
In order to determine |∆Fσ| we observe that if (P1, . . . , P7) is a septuple in XFσ
such that three of the points lie on a line L, then L must be defined over Fq and L
must contain all seven points P1, . . . , P7 (see Lemma 4 of [4] for some elaboration
on this fact). Thus, to determine |∆Fσ| we should count the number of lines L ⊂ P2
defined over Fq and the number of ways to pick a point P1 on L such that P1 is
defined over Fq7 but not over Fq. The number of Fq-lines L in P2 is q2 + q + 1 and
the number of ways to pick P1 on L is (q7 + 1)− (q + 1) = q7 − q. We thus obtain
the result
|∆Fσ| = (q2 + q + 1)(q7 − q) = q9 + q8 + q7 − q3 − q2 − q
We get
|XFσ| − |∆Fσ| = q14 − q9 − q8 + q3
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and, finally
|CFσ2,7 | =
|XFσ| − |∆Fσ|
|PGL(3,Fq)| =
q14 − q9 − q8 + q3
(q2 + q + 1)(q3 − q)(q3 − q2) = q
6 + q4 + q3 + q2 + 1

[σ] |CFσ2,7 |
7 q6 + q4 + q3 + q2 + 1
61 q6 + q5 + q4 − q2
52 q6 + q4 − q3 − q
512 q6 + 2q5 + 3q4 + 3q3 + 2q2 + q
43 q6 − q5 − q4 + q3
421 q6 − 3q4 + 2
413 q6 + 2q5 − q4 − 2q3
321 q6 − q5 − q4 − 8q3 + 9q2 + 6q + 18
322 q6 − q5 − q4 + q3
3212 q6 − q5 − q4 + q3
314 q6 − q5 − q4 + q3
231 q6 − 2q5 − 11q4 + 18q3 + 38q2 − 36q − 48
2213 q6 − 4q5 − q4 + 16q3 − 6q2 − 12q + 6
215 q6 − 10q5 + 41q4 − 86q3 + 90q2 − 36q
17 q6 − 28q5 + 323q4 − 1952q3 + 6462q2 − 11004q + 7470
Table 1. S7-equivariant point counts of the space of 7 points in
general linear position in P2.
If we view Hkét,c(C2,7,Q`) as a representation of S7, then we may read off the
values of the corresponding character χk from Table 1 as
χk(σ) = (−1)k|CFσ2,7 |q6−k
where |CFσ2,7 |q6−k denotes the coefficient of q6−k in the polynomial |CFσ2,7 |q6−k .
It is a standard fact from representation theory of finite groups that the ir-
reducible representations of Sm are indexed by partitions of m. In Table 2 we
decompose the cohomology groups Hkét,c(C2,7,Q`) into irreducible representations
of S7. A number r in the column indexed by 7n76n6 · · · 2n21n1 means that the irre-
ducible representation corresponding to 7n76n6 · · · 2n21n1 occurs with multiplicity
r in Hkét,c(C2,7,Q`).
4. Eight points
In this section we will show, using techniques similar to those of the proof of
Proposition 3.1, that the space of eight points in general position is minimally
pure. We will also explain why similar techniques will not suffice to prove minimal
purity for the space of eight points in general linear position (of course, this does
not prove that the space of eight points in general linear position is not minimally
pure).
Recall that 8 points P1, . . . , P8 ∈ P2 are in general position if
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7 6 52 512 43 421 413 321 322 3212 314 231 2213 215 17
H0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
H1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
H2 0 1 1 3 1 3 1 3 1 1 0 0 0 0 0
H3 0 3 6 9 7 15 10 9 6 12 3 5 3 0 0
H4 3 9 21 19 20 47 27 25 29 42 20 17 13 6 1
H5 3 14 34 31 31 78 42 44 48 75 34 30 29 13 1
H6 2 9 18 25 23 50 31 34 28 52 19 23 22 9 4
Table 2. The cohomology groups of C2,7 as representations of S7.
(i) no three of the points lie on a line,
(ii) no six of the points lie on a conic, and
(iii) the eight points do not lie on a singular cubic with a singularity at one of
the points P1, . . . , P8.
We denote the space of octuples (P1, . . . , P8) of points in P2 in general position, up
to projective equivalence, by Cgp2,8.
Proposition 4.1. The space Cgp2,8 of octuples of points in the plane in general
position is minimally pure.
Proof. The idea of the proof is the same as in the proof of Proposition 3.1: we shall
construct a Fq-rational and S8-equivariant finite cover ϕ : X → Cgp2,8 such that X is
minimally pure and the result will then follow (in fact, in this case the cover will
even be equivariant with respect to the much larger group W (E8), the Weyl group
of the root system E8).
To construct the space X we observe that if we blow up P2 in eight points
P1, . . . , P8 in general position we obtain a geometrically marked Del Pezzo surface
S of degree 1. Let pi : S → P2 denote the blow down morphism. We rigidify
the situation further by marking S with an anticanonical curve C, i.e. a curve
whose class is 3L − E1 − · · · − E8, where L denotes the strict transform of a line
and Ei denotes the exceptional class corresponding to the point Pi. The curve
A = pi(C) has degree 3 and passes through the points P1, . . . , P8. Suppose that A
is reducible. Then A contains a component A1 of degree 1. Since P1, . . . , P8 are
in general position, the component A1 can contain at most 2 of the points. Thus,
the residual curve A2 must contain 6 of the points. But A2 has degree 2 and is
therefore allowed to contain at most 5 of the points. We conclude that A must be
irreducible.
Let X be the space of triples (S,B,C) such that S is a weak Del Pezzo surface,
B is a geometric marking of S and C is an anticanonical curve on S such that
A = pi(C) is singular. The morphism ϕ : X → Cgp2,8 sending a triple (S,B,C) to the
octuple (P1, . . . , P8) defined by the blow down of B is clearly Fq-rational, finite (of
degree 12) and S8-equivariant. It thus remains to show that X is minimally pure.
The curve A will either be a nodal cubic or a cuspidal cubic. Let Xnode denote
the subspace of X consisting of triples (S,B,C) such that A is nodal and let Xcusp
be the subspace of X consisting of triples such that A is cuspidal. We then have
that X is the disjoint union
X = Xnode unionsqXcusp.
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The next step is to show that Xnode is isomorphic to a complement of a toric
arrangement in an algebraic torus T and that Xcusp is isomorphic to a projectiviza-
tion of a complement of a hyperplane arrangement in a vector space V in such at
way that V can be naturally be identified with the tangent space of T at the iden-
tity. This follows exactly as in Proposition 1.8, Proposition 1.11 and Proposition
1.17 of [17]. It now directly follows from Lemma 3.6 of [17] that there is an inclusion
Hkét,c(X,Q`) ↪→ Hkét,c(Xnode,Q`)
Since complements of toric arrangements are minimally pure it follows that also X
is minimally pure. This completes the proof. 
Remark 4.2. The cohomology groups of the space Xcusp (at least before the pro-
jectivization) were computed as representations of the Weyl group W (E8) by Fleis-
chmann and Janiszczak in [10]. The cohomology groups of Xnode were computed as
representations of W (E8) by the author in [2]. Combining these two results using
Lemma 3.6 of [17] gives the cohomology groups of X as representations of W (E8).
Since the space of eight points in general position is isomorphic to the moduli
space of geometrically marked Del Pezzo surfaces of degree 1 we can reformulate
the above result as follows.
Corollary 4.3. The moduli space of geometrically marked Del Pezzo surfaces of
degree 1 is minimally pure.
Thus, it is possible to determine the cohomology groups of Cgp2,8 by counting
points over finite fields. This is however rather nontrivial and the topic of ongoing
research.
One central aspect of the proofs of Propositions 3.1 and 4.1 has been the ability
to find rational cubics through the points P1, . . . , Pm in a consistent way. More
precisely, we have in the general case been able to find rational cubics A of fixed
singularity type such that Jac(A) ∼= Gm and in the non-general case we have also
had rational cubics A of a single fixed singularity type but such that Jac(A) ∼= Ga.
If we now consider 8 points in general linear position we can no longer achieve this
type of consistency. For a general octuple (P1, . . . , P8) we will only have irreducible
cubic curves passing through the points, i.e. there is no reducible cubic passing
through them. However, as soon as 7 of the points (P1, . . . , P8) lie on a conic
there will be no irreducible cubic passing through the octuple (otherwise the conic
and the irreducible cubic would intersect in ≥ 7 points which contradicts Bézout’s
theorem). We can still cover C2,8 with a space X which decomposes as X = ∪s∈SXs
with eachXss isomorphic to a complement of an arrangement of tori or hyperplanes
- but not in a way so that we are able show that the covering map is proper and
X is minimally pure. More precisely, we either get a situation where X clearly is
minimally pure but the map is not proper or a situation where the covering map is
proper but the cohomological properties of the space X are not so easily deduced.
In the latter case, it is possible to compute the cohomology groups of the spaces Xs
so one possible way to go further in the pursuit of the cohomology of C2,8 could be
to try to compute the cohomology of the union using Gysin maps. This is however
likely to be rather complicated and it seems unlikely that the space X will end up
minimally pure. We remark in passing that Glynn’s non-equivariant point count of
C2,8 is compatible with C2,8 being minimally pure but that it is still possible that
an equivariant point count could rule out minimal purity.
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The above being said, we can relax the conditions in the definition of octuples
in general position a bit and still achieve minimal purity. More precisely we can
allow up to 6 of the points to lie on a conic and we can also allow one of the points
to lie on a singularity of a cubic passing through the eight points (but we cannot
allow both to happen for the same octuple). We can also use the techniques of
the present paper to prove minimal purity for the space of eight points in “almost
general position” in the sense of Dolgachev and Ortland, see [9] p. 67. This suggests
that the answer to Question 1.4 is likely to be rather subtle even in the simplest
cases.
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